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Abstract—An approximate approach to radiative heat transfer in an isotropically scattering and non-gray
absorbing medium is presented. The absorption and scattering by the scattering constituents are gray and the
gascous non-gray absorption is banded. The approximate solutions are based upon mean photon path
lengths of the photon path length distribution which is determined directly from the transport in a gray
medium. The predictions for the radiative heat flux and intensity are shown to be accurate over large ranges in
optical depth and scattering albedo.

NOMENCLATURE

wide band absorption;

first exponential integral;

intensity ;

scattering band absorption intensity;
photon path length distribution for
intensity;

length of photon travel;

layer thickness;

heat flux;

scattering band absorption heat flux;
photon path length distribution for the

heat flux;

temperature ;
distance.

Greek symbols

&,
Vs
Ve
Nos
0’
x!
Kg,
K

2',
Hy
OOFS
v,

Piss
a,

Tins
ws,

Dps

Subscripts
bs

absorption coefficient;;

=a,/(as + 0);

Euler’s constant;

pressure broadening parameter;
angle;

optical depth, (y + 1)xg;

= (a5 + 0)y;

optical depth at band head or center;
{2 + 0)l, photon path length;
=¢o0s0;

mean photon path length at xg;
wavenumber ;

wide band absorption for reflection;
scattering coefficient ;

wide band absorption for transmission;
= 0/los + 0);

exponential decay width.

blackbody or band parameter;
band head or center;

band denotation;

total layer thickness;
scattering;

wavenumber dependent;

*, dimensionless.
Superscript
+, positive or negative direction.
INTRODUCTION

CompuTaTIONS of radiation heat transfer in scattering
media with highly non-gray absorption are generally
complex and expensive. Radiant transfer in waters [1]
shows very important spectral effects. The absorption
and extinction of water is highly non-gray requiring
very detailed spectral calculations. Transport in fog
[2] requires similar detail due to the spectral de-
pendence of water vapor and droplets. Fifty-two
spectral intervals were used to compute the complete
spectrum. The scattering contribution to the radiative
transport including exponential wide band absorption
has been investigated by numerical quadrature [3].
The internal and exiting intensities and radiative heat
fluxes have been studied for a single wide band in the
high pressure limit. The complexities increase signi-
ficantly as the spectral detail increases and are par-
ticularly involved for banded gaseous absorption [3].
An alternate approach is to evaluate all possible paths
lengths for the photons in a scattering medium and
then determine the transport with non-gray absorp-
tion with the distribution [4, 5]. The advantage is that
the path length distribution only needs to be evaluated
once for the scattering medium and then any absorp-
tion can be included by a simple integration over path
length. The major disadvantage of the path length
approach is in the increased complexity of the solution
for the path length distribution.

Approximate solutions vary from non-gray non-
scattering predictions to gray scattering results
[6-8]- An alternate approximate approach is presented
in this work which is based upon the mean photon
path length. Radiative transfer in a planar medium
with exponential wide band absorption and isotropic
scattering is investigated. A single wide band is studied
although the results are directly applicable to multi-
band problems [ 3]. The mean path length concept was
first discussed by Irvine [4] in regard to atmospheric

917



918

line calculationsand is developed here for heat transfer
applications. The accuracy of the approximate sol-
utions is assessed by comparing to exact solutions.

PHOTON PATH LENGTH APPROACH

The system considered is a homogeneous plane layer
with a diffuse source at the position zero and trans-
parent conditions at L. The layer is composed of both
gaseous and scattering components. The spectral
gaseous absorption is banded and the gaseous scatter-
ing is neglected. The absorption and scattering by the
scattering constituents is assumed to be gray and the
scattering is isotropic. The layer optical depth based
upon gaseous absorption at band head or center is
denoted by ky, and based upon the gray scattering
constituents is kg,. (Note that kg includes gray
absorption by the scattering constituents and kg of
[ 5] includes only the scattering coefficient.) The albedo
for the scattering components is denoted by wg and the
relative significance of non-gray gaseous absorption
and the gray extinction is expressed through
v = a/lag + o). The quantity + is required to
incorporate spectral effects and is replaced by wide
band absorption parameters after integration over a
band.

The radiative heat flux and the intensity at a position
ks for a unit source at the boundary in a scattering
medium (no spectral absorption)are denoted by ¢ * (xg,
Ksp, W5, 7 = 0)and i T (xg, 4, kg1, s, 7 = 0), respectively.
The contribution to the radiative heat flux from
photons which have an optical path length for the
scattering medium between Aand A + d/iis denoted as
Q*(4, kg, kg, wg)dA. The length of photon travel A
includes both the gray absorption and scattering
contributions of the scattering constituents. The radi-
ative heat flux resulting from all possible photon
path lengths in a medium with only gray scattering and
absorption is

q=(xs, Kgi, g, 0) = [ Q (4, Kg, kg, wg)dA. (1a)
o

Y

Similar definitions for the intensity yield
i (x5, b, Ky, s, 0)
= [- 152, kg, 1, K, w)dA (1b)
JO
If the length of photon travel is denoted by I then the

gaseous absorption is included through exp(—a.l) =
exp{—74). The resulting expression for the heat flux is

q; (Ks, Kgp, g, 7)
=J e (A, K, Kgp, wg)dA,  (2a)
0

and for the intensity is

. .
i {xg, 1, Ky, W, 7}

= J e T E (A, 1 kg, g)dA. (2b)
0
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The diffuse source is taken to be black so that the total
heat flux is

q" (Ks, kg1, O, )
=7 J‘ LolT)g; (K, Ksp, ws, 7}dv. (3a)
o

and the total intensity is

it(’cs’ B Kgpy Ws, 7)
= J\ fvb(T)if(KSa U, Kgys Ws,s ’Y)dl" (3b)
0

The scattering band absorption properties are ob-
tained by substituting equation (2) into equation (3)
and expressing the gaseous absorption in terms of the
wide band absorption. The exponential wide band
absorption using a three parameter per band de-
scription is expressed as A.{xy, #7,) where n, is the
effective broadening parameter and the third para-
meter is the exponential decay width e,;. Substituting
equation (2a) into equation (3a) results in

qH(Ks, Kep, 05, ) =T j Q* (4, ks, K> Ws)
0

[ J ivb(T)e""ldv]d}., @)
0

and the term in the brackets is eliminated with

J‘ | i(T)e™ *dv = iy(T)— L TwyiAlicn, 1) (5)

V]
to yield

4" (K, K, 05, 7) = Ti(T) j Q* (A, xg, kg, 05) dA
o

— 7ti yp(T ) J Q* (A, kg, Kgp, )
o

X Al Ay, ) do. (6)

The subscript i denotes the single wide band con-
sidered. The first integral in equation (6) is obtained
from equations (1a)and (3a) for the gray contribution.
The scattering wide band absorption quantities, ex-
plicitly denoting the wide band parameters, are defined
as

+
qi(Ks. K1, Og, Ky 1)

— g (Ks, kg1, s, 0) — g (K5, gy, W5, 7)
7, (T o

= J‘ O (4, ks, Ksp, 05)Asu{Kpyy /K5y, 1) dA- (7a)
o
Similar substitutions for the intensity yield
iilKs, 1, Ksp, O, Kps 1)

= i * (’CS’ U, Kg, Ws, 0) - iit (K& U, Kgy , Ws, 7)

I Ty,
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= J I*(A, kg, 1, Kg1, 05) Aia(Kp A/ Ksp 1) AA.
°

(7b)

Note that these scattering band absorption quantities
express the difference between the radiative transfer for
the gray scattering constituents and gaseous wide
band absorption. The radiative heat transfer including
banded absorption is evaluated with the above quan-
tities and the gray heat flux [3,7]. The usefulness of
these quantities for transport calculations has been
presented in [3].

MEAN PHOTON PATH LENGTH APPROACH

The heat flux path length distribution function,
Q% (4, ks, ks, wg) can be viewed as the probability that
a photon which traverses an optical path length
between Aand 4 + dA contributes to the radiative heat
flux and is of a magnitude proportional to the heat flux
in the gray scattering medium. The determination of
the scattering wide band absorption properties in
equations (7) requires the evaluation of the path length
distribution. The mean value of this heat flux distri-
bution function or the mean photon path length can be
determined without evaluating the entire distribution.
This mean is then used in the evaluation of the

radiative heat transfer including the banded
absorption.
In the linear region, the wide band absorption is
Ak A K1, M) = KAk, ®)

so that equation (7a) yields
gi+(Ks, Ksp, O, Ky, 1)

KyL

Ks.

AQ* (4, ks, kg1, w5) dA. (9)
]

The mean photon path length of the heat flux path
length distribution function or the mean path length is
defined as

<’{>xis = J AQ™ (4, ks, Ky , 05) dA/q 5 (s, K1 , 05, 0)

L]

-1 0
= 0) 6~y— [a: (xs, K5y, 5,7)],~0 (10)

+
q, (KS’ KsL, Ws,

or, alternatively, as

W= -5 a0l (D)
With this mean path length definition, the scattering
band absorption heat flux is given as
gis(ics, Kesp, s, Ky, M)
= q; (Kks, Kg1, 0, 0y 4D ks
= q; (K5, Ks1, W5, 0)Aja(yy (4D :_—S/KSL’ o)

(12a)

This will be an exact calculation in the linear region of
the wide band absorption and only an approximation
in the other limits. The corresponding expression for
the intensity using the intensity mean is

ii(Ks, 1, Ky, g, Kpgis Mp) = i (kg 1, Kgp, s, 0)
x i (kpL (A £ /Ksps M) (12D)

These expressions reveal that the radiative transport
with gray absorption and scattering for the scattering
components and non-gray gaseous absorption is eva-
luated directly from the radiative transport with gray
absorption and scattering. The mean path length is
evaluated directly from the radiative heat flux without
the need for the complete distribution. The mean is the
substituted in equation (12) to evaluate any wide band
absorption. The mean in equations (10) and (11) is for
the heat flux path length distribution yet a similar
expression is applicable for the mean of the intensity
path length distribution. No special notation is used to
differentiate between the means for intensity and heat
flux.

RESULTS AND DISCUSSION

The solution for the radiative transfer for all gray
components has been obtained by the method of
successive approximations. The singular integrands
were evaluated by the method of singularity sub-
traction [9] and the integrations were performed with
a quadrature of order 40 [10]. The derivative in
equation (9) was evaluated with a 3-point, equally
spaced difference expression. Therefore, the determi-
nation of the mean photon path length requires three
evaluations of the radiative transfer for the gray
medium. The approximate solutions using the mean
path length approach will be compared to the sol-
utions presented in [3] for the high pressure limit and
those presented in [5] for other values of pressure
broadening.

The mean photon path lengths have been evaluated
for the positions kg = kg (transmission) and kg = 0
(reflection) for four different scattering albedos. Figure
1 presents the results in terms of the quantity {A)/kg
which represents the mean photon path length com-
pared to the total scattering optical depth or as
multiples of the total scattering optical depth. An
alternate interpretation of this quantity is the mean
geometric photon path length compared to the physi-
cal length of the medium (<I>/L).

The mean path lengths for transmission, (2> ¢ , are
always greater than kg, since the minimum path length
is kg . The conservative scattering curve shows an
increase of the mean quantity with kg, resulting from
the broader photon path length distribution that exists
for larger g, . The mean quantity for transmission at
small albedos shows a decrease with kg due to the
increase in gray absorption and, therefore, the de-
pletion of the longer path lengths. Note that the mean
geometric photon path length is increasing in all the
above cases but the presented mean quantity is a
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F1G. 1. Heat flux mean photon path lengths for transmission
and reflection.

relative length to the layer thickness which decreases
with gray absorption.

The mean quantities for reflection, {4}y, reflect the
fact that the photon path length distribution has
components with zero path length. The mean exhibits
alarge number of multiples of x5, when the layer depth
is relatively thin and a decrease in the number of
multiples of x5 as the medium becomes optically
thick. The effect of the absorption through the scatter-
ing albedo is similar to the results for transmission.

The mean path lengths are substituted directly into
equation (12a) to determine wide band absorption
quantities with scattering. The wide band absorption
applicable in the high pressure limit is [8]:

Ay, ) = Ajuliy) = In(ky) + E () + ye (13)

and the Felske-Tien correlation [11] is used at other
pressure broadening values. These expressions are the
same as those employed in the exact calculations
which are used for comparison. The reflection [ p;.(xg,
W, k) = 43400, K5, ws, Ky)] and transmission
[Tilis, s, Ky ) = Gin(Ksy, Ksp, s, Kyt )] results using
the mean path lengths are presented in Figs. 2-4.
The results presented are interpreted with equation
(12a) by noting that the scattering band absorption
quantities are the multiple of the heat flux in a
scattering medium and the wide band absorption
based upon the mean path length. The small albedo
results for transmission (Fig. 2) indicate large de-
creases as Kg, increases. This is due to a large decrease
in the transmission heat flux as xg, increases coupled
with a decrease in the relative mean path length (and
therefore the wide band absorption). The conservative
scattering result for transmission does not show as
large a decrease with increasing kg, since the relative
mean path length increases to counter the decrease in
the gray scattering heat flux. The reflection band
absorption (Fig. 3) is strongly dependent upon the
scattering contribution since the quantity would be
zero if wg = 0. The relative mean photon path length
for reflection decreases with increasing xg for all
albedos which tends to decrease the absorption. The
radiative heat flux alwaysincreases with increasing «g, .
These competing effects indicate an increase in the
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F16. 3. Hemispherical wide band absorption for reflection
(ny— ).

wide band absorption for reflection with conservative
scattering and a crossing over for smaller albedos. This
figure also indicates a shifting of the transition from
linear to logarithmic asymptotes to larger ky; as kg
increases.

The scattering band absorption quantities deter-
mined by both the approximate and exact approach
are the same for the small values of ;. This is
expected from the development in equation (12). The
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approximate solution predicts both the trends and
magnitudes accurately over all values of xg;, k), and
wg. The approximate solution is also accurate for small
pressure broadening parameters as indicated in Fig. 4.
The error in the approximate approach is greater for
the transmission results which indicates that a single
mean parameter is unable to exactly include all effects.

The mean photon path lengths for the intensity are
presented in Figs. 5 and 6. The top portion of each
figure presents the transmission means and the bottom
presents the reflection means. The transmission results
for conservative scattering (Fig. 5) show large mean
photon path lengths for large layer optical depths in
the normal direction. As the transmission angle in-
creases for a specific kg, the mean path lengths
increase. These increases are a result of the increased
optical depth for the layer in the normal direction and
for the line of sight at other angles for a specified ;.
The small layer optical depth results indicate a large
increase in the relative mean photon path lengths with
large angles which are almost entirely composed of
direct radiation (non-scattered) and, therefore, quite
long at grazing angles. The mean photon path lengths
for reflection increase with angle for small optical
depths and decrease with angle for large optical
depths. The large relative means for small kg results
from the importance of 1-order scattering while the
decrease in the relative mean for large kg is an
optically thick type dependence. Note again that the
results are presented as the ratio of the mean to the
layer thickness so that the actual mean length does
increase as kg increases.

The typical effects of the scattering albedo on the
intensity means for transmission and reflection are
presented in Fig. 6. The means generally decrease as
the albedo decreases as a result of the depletion of the
long path lengths of the distribution. The smaller
optical depths for the case of transmission indicate a
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FiG.4. Hemispherical wide band absorption for transmission
and reflection (, = 0.1).
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different trend at large angles where the small albedo
prediction shows a large relative mean resulting from
the dominance of directly transmitted energy.

The intensity predictions from the mean path length
approach are compared to the exact results by the high
pressure limit in Fig. 7. The angular effects for
transmission [t}u(, kg, Ws, Kpy) = it(Kgps W, Ky, W,
)] and reflection [pl(u, kg, @s, k) = 13(0, p, Kgp,
g, Ky )] are predicted very accurately by the mean
path length approach. The small optical depth results
show large changes in absorption with angle since the
relative mean for intensity varied significantly with
angle (Fig. 5). Note that these results are normalized
with respect to the normal value of the respective
quantity.

The mean path length approach also predicts the
distributions throughout the medium accurately. The
mean path lengths are presented in Fig. 8 and the wide
band absorption heat flux results are given in Fig. 9.
The mean path lengths for the positive heat flux
monotonically increase with xg. The slopes are larger
for the conservative scattering case than for the small
albedo prediction as noted earlier. The mean path
lengths for the negative flux are relatively constant
throughout the medium. The means for both direc-
tions are greater than a unit slope since the path length
distribution is zero between the path lengths of zero
and . The wide band absorption heat flux is given as
Gio(Ks, K1, W5, Kpp) = GiolKs, Ky, s, Kyyp ) — GialKs, K
ws, Ky, ) and the results are compared in Fig. 9. The
results indicate the accuracy of the approximate
approach as well as the varied dependences resulting
from scattering. The slab band absorptance [8] is the
non-scattering result.

o 30°
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90°

60°

O 30°

F1G. 5. Intensity mean photon path lengths for transmission
and reflection.
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CONCLUSIONS

An approximate approach has been presented to
quantify radiation heat transfer in a scattering and
non-gray absorbing medium. The approach is based
upon mean photon path lengths of the path length
distributions. The mean path length is determined
directly from the radiation transport in a gray medium
without evaluating the path length distribution. The
mean path length requires three evaluations of the
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radiative transport for a gray medium. The mean path
length is then used in equation (12) to evaluate the
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TRANSFERT THERMIQUE PAR RAYONNEMENT ET PARCOURS MOYEN DES PHOTONS

Résumé—On présente une approche du transfert thermique par rayonnement dans un milieu absorbant, non
gris et diffusant isotropiquement. L’absorption et la diffusion par les constituants diffusants sont grises et
Pabsorption par le gaz non gris se fait par bandes. Les solutions approchées sont basées sur le parcours
moyen des photons qui est déterminé directement a partir du transfert dans un milieu gris. Le calcul du flux
thermique radiatif et de l'intensité est précis sur un large domaine de profondeur optique et d’albedo.

WARMEAUSTAUSCH DURCH STRAHLUNG BEI VERWENDUNG DER MITTLEREN
PHOTONENWEGLANGE

Zusammenfassung—Es wird eine Naherungsmethode des Strahlungsaustausches in einem isotrop streuen-

den und nicht-grau absorbierendem Medium vorgestellt. Die Absorption und die Streuung der streuenden

Anteile sind grau, und die im Gas stattfindende nicht-graue Absorption erfolgt in Banden. Die

Niherungslosungen basieren auf der mittleren Weglidnge der Photonen, die sich aus der Weglingenvertei-

lung ergibt, welche unmittelbar aus dem Transport in einem grauen Medium bestimmbar ist. Die

Bestimmung des strahlungsbedingten Wirmestroms und seiner Intensitit sind iiber weite Bereiche der
optischen Tiefe und des streuenden Albedos genau.

OIMUCAHHUE JIYUACTOI'O TEMJIOOBMEHA HA OCHOBE CPEJHEHN JJIMHBI
MPOBETA ®OTOHA

AntoTaims — [Ipeacrasien npuGHXEHHBIH METON pacyeTa JIYYHACTOTO TEMJIONEPEHOCA B HECepoi

NOrfoIAOUIEA Cpeie ¢ UIOTPONHLIM paccesHHeM. [lornoweHne U paccesHHe Ha COOTBETCTBYIOIIMX

KOMIIOHEHTaxX ABJIAIOTCS CEPLIMH, a [UIS HECEPOro MOIJIOLIEHHS rasza omnpefeneHa mosoca. [Tpubnu-

XKEHHbIE PELIEHHA OCHOBAHLI Ha CPeIHEN JtHHe npobera HOTOHOB, OnpeneaseMoil MO pacnpeaecHuIo

anuH npobera ans cepoil cpeabl. IokazaHo, 4TO pe3ynbTaThl PacueTOB MJIOTHOCTH M MHTEHCHBHOCTH

JIYYHCTOTO TEIJIOBOTO MOTOKA ABJAKOTCA NOCTATOMHO TOYHBIMH B LUMPOKOM [HAMA30HE OITHYECKOM
r1y6uHbl M anbbeno paccesHus.



