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Abstraet-An approximate approach to radiative heat transfer in an isotropically scattering and non-gray 
absorbing medium is presented. The absorption and scattering by the scattering constituents are gray and the 
gaseous non-gray absorption is banded. The approximate solutions are based upon mean photon path 
lengths of the photon path length distribution which is determined directly from the transport in a gray 
medium. The predictions for the radiative heat flux and intensity are shown to be accurate over large ranges in 

optical depth and scattering albedo. 
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NOMENCLATURE 

wide band absorption ; 
first exponential integral; 
intensity; 
scattering band absorption intensity; 
photon path length distribution for 
intensity; 
length of photon travel ; 
layer thickness ; 
heat flux ; 
scattering band absorption heat flux; 
photon path length distribution for the 

heat flux; 

temperature; 
distance. 

Greek symbols 
absorption coefficient ; 
= %4crs + 4 ; 
Euler’s constant; 
pressure broadening parameter; 
angle ; 
optical depth, (y + 1)~s; 

= (as + a)y; 
optical depth at band head or center; 

(crs + a)& photon path length ; 
= cos 8; 
mean photon path length at K,; 
wavenumber; 

wide band absorption for reflection; 
scattering coefficient ; 
wide band absorption for transmission ; 
= a/& + 0); 
exponential decay width. 

Subscripts 
b, blackbody or band parameter; 
H, band head or center; 

L, 
band denotation ; 
total layer thickness; 

S, scattering; 
V, wavenumber dependent ; 

* dimensionless. 

Superscript 
+ _? positive or negative direction. 

INTRODUCTION 

COMPUTATIONS of radiation heat transfer in scattering 
media with highly non-gray absorption are generally 
complex and expensive. Radiant transfer in waters [l] 
shows very important spectral effects. The absorption 
and extinction of water is highly non-gray requiring 
very detailed spectral calculations. Transport in fog 
[2] requires similar detail due to the spectral de- 
pendence of water vapor and droplets. Fifty-two 
spectral intervals were used to compute the complete 
spectrum. The scattering contribution to the radiative 
transport including exponential wide band absorption 
has been investigated by numerical quadrature [3]. 
The internal and exiting intensities and radiative heat 
fluxes have been studied for a single wide band in the 
high pressure limit. The complexities increase signi- 
ficantly as the spectral detail increases and are par- 
ticularly involved for banded gaseous absorption [3]. 
An alternate approach is to evaluate all possible paths 
lengths for the photons in a scattering medium and 
then determine the transport with non-gray absorp- 
tion with the distribution [4,5]. The advantage is that 
the path length distribution only needs to beevaluated 
once for the scattering medium and then any absorp- 
tion can be included by a simple integration over path 
length. The major disadvantage of the path length 
approach is in the increased complexity of the solution 
for the path length distribution. 

Approximate solutions vary from non-gray non- 
scattering predictions to gray scattering results 
[Ml. An alternate approximate approach is presented 
in this work which is based upon the mean photon 
path length. Radiative transfer in a planar medium 
with exponential wide band absorption and isotropic 
scattering is investigated. A single wide band is studied 
although the results are directly applicable to multi- 
band problems [3]. The mean path length concept was 
first discussed by Irvine [4] in regard to atmospheric 



line calculations and is developed here for heat transfer The diffuse source is taken to be black so that the total 
applications. The accuracy of the approximate sol- heat flux is 
utions is assessed by comparing to exact solutions. 

PHOTON PATH LENGTH APPROACH 

The system considered is a homogeneous plane layer 
with a diffuse source at the position zero and trans- 
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i,&T)g? (us, IQ~., o,, ;j)dv. (3a) 
0 

parent conditions at L. The layer is composed of both and the total intensity is 

gaseous and scattering components. The spectral ii- kst I& Q.9 ws, 1’) 
gaseous absorption is banded and the gaseous scatter- n 
ing is neglected. The absorption and scattering by the 
scattering constituents is assumed to be gray and the 
scattering is isotropic. The layer optical depth based 
upon gaseous absorption at band head or center is 
denoted by ~nr and based upon the gray scattering 
constituents is asp. (Note that us,_ includes gray 
absorption by the scattering constituents and icst of 
[Sj includes only the scattering coefficien t.) The albedo 
for the scattering components is denoted by ws and the 
relative significance of non-gray gaseous absorption 
and the gray extinction is expressed through 
.s = a,,/(~, -t a). The quantity ;’ is required to 
mcorporate spectral effects and is replaced by wide 
band absorption parameters after integration over a 
band. 

The radiative heat flux and the intensity at a position 
)cs for a unit source at the boundary in a scattering 
medium (no spectral absorption) are denoted by q,? (Q, 

K.$L, w,, “r’ = 0) and i;’ (KS, p, asp, us, 7 = 0), respectively. 
The contribution to the radiative heat flux from 
photons which have an optical path length for the 
scattering medium between A and A + di. is denoted as 

Q’V, us, ~sl., os)dL The length of photon travel /i 
includes both the gray absorption and scattering 
contributions of the scattering constituents. The radi- 
ative heat flux resulting from all possible photon 
path lengths in a medium with only gray scattering and 
absorption is 

q;(Ks, KsL, OS, 0) = 
i 

’ Q’(k KS, KSL, w,W. (14 
,O 

Similar definitions for the intensity yield 

i,: (KS> P> KSL, OS, 0) 

i 

I 

= I’ti., KS, ,u, QL, wsW (lb) 

&O 

If the length of photon travel is denoted by I then the 
gaseous absorption is included through exp( -cr,,Z) = 
exp( - 72). The resulting expression for the heat flux is 

4,T (KS> KSL, us, 7’) 
I 

=: em;'Qc (i, Q, ~~~~ w,)di, (2a) 

=1 !’ W-)i,i(Ks, P, KS,_, us, yW. (3bf 
0 

The scattering band absorption properties are ob- 
tained by substituting equation (2) into equation (3) 
and expressing the gaseous absorption in terms of the 
wide band absorption. The exponential wide band 
absorption using a three parameter per band de- 
scription is expressed as &(~n, qt,) where qb is the 
effective broadening parameter and the third para- 
meter is the exponential decay width wbi. Substituting 
equation (2a) into equation (3a) results in 

$(tc,, Ksr, ms, Y) = 7~ 
1 

z 
Q ’ (& $9 %LI fd 

0 
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I 

MVe -““dv dA, (4) 
0 I 

and the term in the brackets is eliminated with 

to yield 

X Ai*(KXLl/xSL, Vb) di. (6) 

The subscript i denotes the single wide band con- 
sidered. The first integral in equation (6) is obtained 
from equations (la) and (3a) for the gray contribution. 
The scattering wide band absorption quantities, ex- 
plicitly denoting the wide band parameters, are defined 
as 

and for the intensity is 

i,’ (KS> PL. KSLI us. ?) 
Pr 

JO 

Similar substitutions for the intensity yield 

ii$(Ksv Pv %I 0s~ KHL, Vb) 

=i: 
? 

e- ;“I + (i., p, ‘csL, w,)d/i. (2b) 
0 

= i ‘(KS,/& ~sL, %o) - ii’(%,& KsL~%Y) 
- 

iv,b(T)Wb! 
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Note that these scattering band absorption quantities 
express the difference between the radiative transfer for 
the gray scattering constituents and gaseous wide 
band absorption. The radiative heat transfer including 
banded absorption is evaluated with the above quan- 
tities and the gray heat flux [3,7]. The usefulness of 
these quantities for transport calculations has been 
presented in [3]. 

MEAN PHOTON PATH LENGTH APPROACH 

The heat flux path length distribution function, 
Q *(A, K~, K~L, as) can be viewed as the probability that 
a photon which traverses an optical path length 
between i and 1 + dL contributes to the radiative heat 
flux and is of a magnitude proportional to the heat flux 
in the gray scattering medium. The determination of 
the scattering wide band absorption properties in 
equations (7) requires the evaluation of the path length 
distribution. The mean value of this heat flux distri- 
bution function or the mean photon path length can be 
determined without evaluating the entire distribution. 
This mean is then used in the evaluation of the 
radiative heat transfer including the banded 
absorption. 

In the linear region, the wide band absorption is 

A&&% )Ib) = KHL&L (8) 

so that equation (7a) yields 

qi8’%, KsLP%KHL*V~) 

Key 

s 

x. 

=- IQ ‘(4 KS, KSL, 4 a. (9) 
KSL o 

The mean photon path length of the heat flux path 
length distribution function or the mean path length is 
defined as 

(2); = s x ~Q’(~,K~,KSL,~S)~~/~~(~~~,KSL,~S,O) 
0 

or, alternatively, as 

0): = -~{lnln:(~,~L,~s,~)l}~-o. (11) 

With this mean path length definition, the scattering 
band absorption heat flux is given as 

qi%‘% KsLI'%vKHL~~) 

= ~~(Ks,KSL,OS,O)KHL(~)~/KSL 

= 4,~(KS,KSL,WS,0)Ai*(KHL(jl)~/KSL, Vb). 

(124 

This will be an exact calculation in the linear region of 
the wide band absorption and only an approximation 
in the other limits. The corresponding expression for 
the intensity using the intensity mean is 

ii:(Ks, P, KSL, US, KHL, Vt,) = i,! (KS, P, Ksr, us, 0) 

x Ai*(KHt.<j-)~/%., VL,). (12b) 

These expressions reveal that the radiative transport 
with gray absorption and scattering for the scattering 
components and non-gray gaseous absorption is eva- 
luated directly from the radiative transport with gray 
absorption and scattering. The mean path length is 
evaluated directly from the radiative heat flux without 
the need for the complete distribution. The mean is the 
substituted in equation (12) to evaluate any wide band 
absorption. The mean in equations (10) and (11) is for 
the heat flux path length distribution yet a similar 
expression is applicable for the mean of the intensity 
path length distribution. No special notation is used to 
differentiate between the means for intensity and heat 
flux. 

RESULTS AND DISCUSSION 

The solution for the radiative transfer for all gray 
components has been obtained by the method of 
successive approximations. The singular integrands 
were evaluated by the method of singularity sub- 
traction [9] and the integrations were performed with 
a quadrature of order 40 [lo]. The derivative in 
equation (9) was evaluated with a 3-point, equally 
spaced difference expression. Therefore, the determi- 
nation of the mean photon path length requires three 
evaluations of the radiative transfer for the gray 
medium. The approximate solutions using the mean 
path length approach will be compared to the sol- 
utions presented in [3] for the high pressure limit and 
those presented in [5] for other values of pressure 
broadening. 

The mean photon path lengths have been evaluated 
for the positions K~ = ~~~ (transmission) and K~ = 0 
(reflection) for four different scattering albedos. Figure 
1 presents the results in terms of the quantity (I)/K,, 

which represents the mean photon path length com- 
pared to the total scattering optical depth or as 
multiples of the total scattering optical depth. An 
alternate interpretation of this quantity is the mean 
geometric photon path length compared to the physi- 
cal length of the medium ((1)/L). 

The mean path lengths for transmission, (L),+s,, are 
always greater than ~~~ since the minimum path length 
is %L. The conservative scattering curve shows an 
increase of the mean quantity with ~~~ resulting from 
the broader photon path length distribution that exists 
for larger ~~~~ The mean quantity for transmission at 
small albedos shows a decrease with ~~~ due to the 
increase in gray absorption and, therefore, the de- 
pletion of the longer path lengths. Note that the mean 
geometric photon path length is increasing in all the 
above cases but the presented mean quantity is a 



FIG. 1. Heat flux mean photon path lengths for transmission 
and reflection. 

relative length to the layer thickness which decreases 
with gray absorption. 

The mean quantities for reflection, (I.);, reflect the 
fact that the photon path length distribution has 
components with zero path length. The mean exhibits 
a large number of multiples of lcsr when the layer depth 
is relatively thin and a decrease in the number of 
multiples of K~,_ as the medium becomes optically 
thick. The effect of the absorption through the scatter- 
ing albedo is similar to the results for transmission. 

The mean path lengths are substituted directly into 
equation (12a) to determine wide band absorption 
quantities with scattering. The wide band absorption 
applicable in the high pressure limit is [8] : 

&(G,vJ = Ai* = In (KH) + EI(KH) + YE (13) 

and the Felske-Tien correlation [l l] is used at other 
pressure broadening values. These expressions are the 
same as those employed in the exact calculations 
which are used for comparison. The reflection [+(rcSL, 
ws, rcu,) = &(O, rcsL, os, bud)] and transmission 

[7i4%~ w,,Ic~J = q&tSL,rcSL,mS, K~,)] results using 
the mean path lengths are presented in Figs. 2-4. 

The results presented are interpreted with equation 
(12a) by noting that the scattering band absorption 
quantities are the multiple of the heat flux in a 
scattering medium and the wide band absorption 
based upon the mean path length. The small albedo 
results for transmission (Fig. 2) indicate large de- 
creases as ~~~ increases. This is due to a large decrease 
in the transmission heat flux as ~~~ increases coupled 
with a decrease in the relative mean path length (and 
therefore the wide band absorption). The conservative 
scattering result for transmission does not show as 
large a decrease with increasing ~~~ since the relative 
mean path length increases to counter the decrease in 
the gray scattering heat flux. The reflection band 
absorption (Fig. 3) is strongly dependent upon the 
scattering contribution since the quantity would be 
zero if os = 0. The relative mean photon path length 
for reflection decreases with increasing lcsL for all 
albedos which tends to decrease the absorption. The 
radiative heat flux alwaysincreases with increasing K~,_. 

These competing effects indicate an increase in the 

Note Upper Line Mean Path Length Result 

Lower Line- Exaci Numerlcol Result [3] 

FIG. 2. Hemispherical wide band absorption for transmission 
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FIG. 3. Hemispherical wide band absorption for reflection 
(9b ) - % 

wide band absorption for reflection with conservative 
scattering and a crossing over for smaller albedos. This 
figure also indicates a shifting of the transition from 
linear to logarithmic asymptotes to larger ~~~ as lcsL 
increases. 

The scattering band absorption quantities deter- 
mined by both the approximate and exact approach 
are the same for the small values of K",_. This is 
expected from the development in equation (12). The 
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approximate solution predicts both the trends and 
magnitudes accurately over all values of Q, ~~~ and 
0,. The approximate solution is also accurate for small 
pressure broadening parameters as indicated in Fig. 4. 
The error in the approximate approach is greater for 
the transmission results which indicates that a single 
mean parameter is unable to exactly include all effects. 

The mean photon path lengths for the intensity are 
presented in Figs. 5 and 6. The top portion of each 
figure presents the transmission meansand the bottom 
presents the reflection means. The transmission results 
for conservative scattering (Fig. 5) show large mean 
photon path lengths for large layer optical depths in 
the normal direction. As the transmission angle in- 
creases for a specific k”sL, the mean path lengths 
increase. These increases are a result of the increased 
optical depth for the layer in the normal direction and 
for the line of sight at other angles for a specified ‘csP 
The small layer optical depth results indicate a large 
increase in the relative mean photon path lengths with 
large angles which are almost entirely composed of 
direct radiation (non-scattered) and, therefore, quite 
long at grazing angles. The mean photon path lengths 
for reflection increase with angle for small optical 
depths and decrease with angle for large optical 
depths. The large relative means for small asp results 
from the importance of l-order scattering while the 
decrease in the relative mean for large lcsL is an 
optically thick type dependence. Note again that the 
results are presented as the ratio of the mean to the 
layer thickness so that the actual mean length does 
increase as asp mcreases. 

The typical effects of the scattering albedo on the 
intensity means for transmission and reflection are 
presented in Fig. 6. The means generally decrease as 
the albedo decreases as a result of the depletion of the 
long path lengths of the distribution. The smaller 
optical depths for the case of transmission indicate a 

FIG. 4. Hemispherical wide band absorption for transmission 
and reflection (Q, = 0.1). 

different trend at large angles where the small albedo 
prediction shows a large relative mean resulting from 
the dominance of directly transmitted energy. 

The intensity predictions from the mean path length 
approach are compared to the exact results by the high 
pressure limit in Fig. 7. The angular effects for 
transmission [zl&, ash, os, KHL) = l’G(rcsL, P, icSL, o,, 
I&] and reflection [P&L, tc,,, ws, )cHL) = iJO, p, ~~~~ 

a,, K,,)] are predicted very accurately by the mean 
path length approach. The small optical depth results 
show large changes in absorption with angle since the 
relative mean for intensity varied significantly with 
angle (Fig. 5). Note that these results are normalized 
with respect to the normal value of the respective 
quantity. 

The mean path length approach also predicts the 
distributions throughout the medium accurately. The 
mean path lengths are presented in Fig. 8 and the wide 
band absorption heat flux results are given in Fig. 9. 
The mean path lengths for the positive heat flux 
monotonically increase with Q. The slopes are larger 
for the conservative scattering case than for the small 
albedo prediction as noted earlier. The mean path 
lengths for the negative flux are relatively constant 
throughout the medium. The means for both direc- 
tions are greater than a unit slope since the path length 
distribution is zero between the path lengths of zero 
and K,. The wide band absorption heat flux is given as 

qi*(% KsL,@s~ KHL) = ~G(KS~KSL~~S~K& - 4iJKsc,, KSL~ 

co,, K"~) and the results are compared in Fig. 9. The 
results indicate the accuracy of the approximate 
approach as well as the varied dependences resulting 
from scattering. The slab band absorptance [8] is the 
non-scattering result. 

FIG. 5. Intensity mean photon path lengths for transmission 
and reflection. 
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FIG. 6. Intensity mean photon path lengths for transmission 
and reflection. 

FIG. 7. Intensity wide band absorption for transmission and 
reflection. 

FIG. 8. Heat flux mean photon path lengths throughout the 
medium. 
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FIG. 9. Wide band absorption heat flux throughout the 
medium. 

CONCLUSIONS 

An approximate approach has been presented to 
quantify radiation heat transfer in a scattering and 
non-gray absorbing medium. The approach is based 
upon mean photon path lengths of the path length 
distributions. The mean path length is determined 
directly from the radiation transport in a gray medium 
without evaluating the path length distribution. The 
mean path length requires three evaluations of the 
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radiative transport for a gray medium. The mean path 
length is then used in equation (12) to evaluate the 
radiative heat transfer. A quadrature calculation for a 
single wide band may require up to 25 evaluations [3]. 
In multi-band calculations, the computational advan- 
tage of the mean path length is significant since only 
the mean must be determined (three evaluations of the 
radiative transport) as compared to a set of quadrature 
points for each band. The mean path length approach 
produces exact answers in the linear limit and approx- 
imate yet accurate result3 in the other regions. 
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TRANSFERT THERMIQUE PAR RAYONNEMENT ET PARCOURS MOYEN DES PHOTONS 

RbumC-On prCsente une approche du transfert thermique par rayonnement dans un milieu absorbant, non 
gris et diffusant isotropiquement. L’absorption et la diffusion par les constituants diffusants sont grises et 
l’absorption par le gaz non gris se fait par bandes. Les solutions approchtes sont basles sur le parcours 
moyen des photons qui est dkterminl directement ?i partir du transfert dans un milieu gris. Ix calcul du flux 

thermique radiatif et de l’intensiti est pricis sur un large domaine de profondeur optique et d’albedo. 

WARMEAUSTAUSCH DURCH STRAHLUNG BE1 VERWENDUNG DER MITTLEREN 
PHOTONENWEGLANGE 

Zusammenfassung-Es wird eine Ntierungsmethode des Strahlungsaustausches in einem isotrop streuen- 
den und nicht-grau absorbierendem Medium vorgestellt. Die Absorption und die Streuung der streuenden 
Anteile sind grau, und die im Gas stattfindende nicht-graue Absorption erfolgt in Banden. Die 
NtierungslGsungen basieren auf der mittleren Wegknge der Photonen, die sich aus der Wegllngenvertei- 
lung ergibt, welche unmittelbar aus dem Transport in einem grauen Medium bestimmbar ist. Die 
Bestimmung des strahlungsbedingten WLmestroms und seiner Intensitiit sind iiber weite Bereiche der 

optischen Tiefe und des streuenden Albedos genau. 

OIIMCAHME IIY%ICTOTO TEflJIOOEMEHA HA OCHOBE CPEAHEfi AJlMHbI 
fIPOEETA QOTOHA 

AHHOTMW - npeAcTaBneH npH6JniXeHHbI8 MeTOn pacseTa JI~~HCTO~O TennonepeHoca B Hecepofi 
nornomalomeii cpene c H30TponHbIh4 paccenHHeM. Flornomeese ki paccenHue Ha cooTaeTcTaymmAx 
KohfnoHeHTax nanaioxa CepbrMH, a nnn Heceporo nornomeHHa ra3a 0npeneneHa nonoca. Flpe6nu- 
xemibre pemenar ocnoaanbl Ha cpensek anmie npo6era +OT~HOB, 0npenenaeMofi no pacnpenenemilo 
flHH npo6era nJla CepOfi CpeAbI. fIOKa3aH0, qT0 pe3yJlbTaTbI paC’?e-rOB nJIOTHOCTB li HHTeHCHBHOCTB 
ny’,HCTOrO TennOBOrO nOTOKa IIBJIaH)TCII AOCTaTOqHO TOqHbIMW B mHpOKOM mana3OHe OnTHqeCKOti 

rny6HHbI A anb6eAo pacceneen. 


